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Abstract
We obtain asymptotic formulas for all the moments of certain arithmetic functions with linear recurrence
sequences. We also apply our results to obtain asymptotic formulas for some mean values related to average
orders of elements in finite fields.
© 2006 Elsevier Inc. All rights reserved.
1. Introduction
Let u := (u(x)) be a linear recurrence sequence of integers satisfying a homogeneous linear
recurrence relation
u(x + n) := a1u(x + n− 1)+ · · · + an−1u(x + 1)+ anu(x), x = 1,2, . . . ,
with the characteristic polynomial
ψ(X) := Xn − a1Xn−1 − · · · − an−1X − an ∈ Z[X].
We recall that u = (u(x)) is called non-degenerate if αki = αkj , 1 i < j m, k = 1,2, . . . ,
where α1, . . . , αm are pairwise distinct roots of ψ .
We always assume that u(x) = 0 and that there does not exist an integer d  2 which divides
every element of the sequence u. It is well known that any non-degenerate sequence has only
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460 F. Luca, I.E. Shparlinski / Journal of Number Theory 125 (2007) 459–472finitely many zeros (see [4,10–12] for the state of the art in this direction), thus the condition
u(x) = 0 can easily be omitted, as well as the non-existence of the common factor condition.
Throughout this paper, p always means a prime number, and for a positive real number z we
write log z for the natural logarithm function of z. It is also convenient to assume that log z := 1
for z 1, thus expressions of the type log log z are always defined.
We consider sums of the form
Sν(ϑ,M,N) := 1
N
M+N∑
x=M+1
(
ϑ
(
u(x)
))ν
,
with ϑ(k) some arithmetic function of k.
Arithmetic functions are usually defined only on the positive integers, while terms of linear
recurrences may be equal to zero or to a negative integer. To cope with this, we extend the
definition of an arithmetic function θ to all integers by defining θ(0) = 0 and θ(k) = θ(|k|) if
k ∈ Z \ {0}.
We represent the arithmetic function ϑ(k) as
ϑ(k) :=
∑
d|k
ξ(d)
d
, (1)
with some arithmetic function ξ(k). Clearly, every arithmetic function ϑ can be represented in
this form. However, here we consider only those functions ϑ for which ξ satisfies some special
growth conditions.
Unfortunately, non-trivial results about such sums are not known if ϑ(k) is any of the naturally
arising functions such as the number of divisors τ(k), the sum of divisors σ(k), the number of
prime divisors ν(k), or the Euler function ϕ(k) of an integer k  1.
However, for ν = 1 and a very slowly growing function ξ , asymptotic formulas for
S1(ϑ,M,N) have been obtained in [3,15]. For instance, such functions as
F(k) := σ(k)
k
, G(k) := ϕ(k)
k
and
f (k) :=
∑
p|k
1
p
, g(k) := log ϕ(k)
k
, h(k) := log σ(k)
k
and many others can be handled.
Here, we use the same approach as in [3,15] to obtain asymptotic formulas for Sν(ϑ,M,N)
given by (1) and for any fixed ν  1. It has also been shown in [3,15] that for ν = 1 and if the
function ξ(k) is supported only on prime numbers (as in the case of the functions f (k), g(k), h(k)
above), the error term in the above mentioned asymptotic formulas for S1(ϑ,M,N) can be esti-
mated substantially better than in the general case. However, this approach does not immediately
extend to ν  2.
We also remark that somewhat similar results have been independently obtained in [6]. The
paper [6] uses similar tools as the present work (for example, Lemma 1), but applies to a slightly
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do not apply to short intervals like our results.
This paper is organized as follows. In Section 2, we recall some basic properties of non-
degenerate linearly recurrent sequences of integers. In Section 3, we prove a general theorem
which gives an asymptotic formula for Sν(ϑ,M,N) given by (1) and for any fixed ν  1. In
Section 4, we specialize to the case in which u(x) := agx + b, where a, b, and g are non-zero
integers satisfying some mild technical assumptions, and for such sequences we prove a stronger
theorem than the general one presented in Section 3. Finally, in Section 5, we specialize all our
results to some arithmetic functions which arise naturally from the theory of finite fields, and we
show how our results give immediate answers to some open questions raised recently in [5].
Throughout this paper, we use the Landau symbols ‘O’ and ‘o’ and the Vinogradov symbols
‘’ and ‘’ with their usual meanings. The implied constants in the symbols ‘O’, ‘’, and
‘’ may depend on the sequence u, the integer parameter ν, and the function ϑ .
2. Preliminary results
We denote by R(M,N,q) the number of solutions of the congruence
u(x) ≡ 0 (mod q), M + 1 x M +N. (2)
Let the roots α1, . . . , αm of the characteristic polynomial ψ(X) be of multiplicities n1, . . . , nm,
respectively. It is well known that
u(x) =
m∑
i=1
Ai(x)α
x
i , x ∈ N, (3)
with some polynomials Ai(X) ∈ K[X] of degrees degAi  ni − 1, i = 1, . . . ,m, where K :=
Q(α1, . . . , αm).
Then, from the representation (3), we see that
u(M + x) =
m∑
i=1
ni−1∑
l=0
A
(l)
i (M)
l! α
M
i x
lαxi , x ∈ N.
Enumerate the functions xlαxi for i = 1, . . . ,m and l = 0, . . . , ni − 1 appearing on the right-hand
side above in some order from 1 to n and let tk(x) be the kth term among these functions.
Let us define the determinants
D(X0, . . . ,Xn−1) :=
(
tk+1(Xj )
)n−1
j,k=0
and denote by T (q) the smallest integer T such that
NmK/Q detD(0, x1, . . . , xn−1) ≡ 0 (mod q),
but
detD(0, x1, . . . , xn−1) = 0
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an integer T does not exist we put T (q) = ∞ and use the standard conventions that 1/T (q) = 0
and that the inequality x < T (q) holds for any integer x. In this paper, we are only interested in
lower bounds on T (q).
Notice that
log max
{
1,
∣∣NmK/Q detD(0, x1, . . . , xn−1)∣∣} x1 + · · · + xn−1.
Indeed, the above upper bound is almost obvious in light of the fact that any conjugate in K of
the above determinant is a sum of n! terms each one of which is bounded in absolute value by
exp(c(
∑n−1
i=1 xi)) with some appropriate constant c depending on u. Thus, we conclude that the
inequality
T (q) C logq (4)
holds with some positive constant C depending on u.
We need the following bound from [14].
Lemma 1. For any integers M  0, N  1 and q  2, we have
R(M,N,q)  N/T (q)+ 1.
We also recall the bound
σ(m)
m
=
∑
d|m
1
d
 log logm. (5)
Let
Lν(q) :=
∑
lcm(d1,...,dν )=q
ν∏
j=1
1
dj
,
where the sum is taken over all ν-tuples (d1, . . . , dν) of positive integers with lcm(d1,
. . . , dν) = q .
Lemma 2. For any integer m 1,
∑
q|m
Lν(q) =
(
σ(m)
m
)ν
.
Proof. We have
∑
q|m
∑
lcm(d1,...,dν )=q
ν∏
j=1
1
dj
=
∑
lcm(d1,...,dν )|m
ν∏
j=1
1
dj
=
∑
d1,...,dν |m
ν∏
j=1
1
dj
and the result follows. 
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In what follows, all our asymptotic formulas are with respect to N → ∞.
Theorem 1. Let ξ be any function with ξ(k) = O(1) and let ϑ(k) be given by (1). Then for
any non-degenerate linear recurrence sequence of integers u, there exist positive constants Γν ,
ν = 1,2, . . . , such that
Sν(ϑ,M,N) = Γν +O
(
(log(M +N))ν
N
+ (log logN)
ν
logN
)
.
Proof. As before, we denote by R(M,N,q) the number of solutions of the congruence (2). We
define
U(M,N) :=
M+N∏
x=M+1
u(x)
(we recall that we always assume that u(x) = 0). Then
Sν(ϑ,M,N) = 1
N
∑
d1,...,dν |U(M,N)
R(M,N,q)
ν∏
j=1
ξ(dj )
dj
,
where hereafter we denote
q := lcm(d1, . . . , dν).
It is easy to see that for any integer q there are positive integers (q) and t (q) with (q) +
t (q)  qn such that u(x + t (q)) ≡ u(x) (mod q) for x  (q). Let ρ(q) := R((q), t (q), q).
From the above upper bound on (q) and t (q), we obtain
R(M,N,q) = ρ(q) N
t(q)
+O(qn).
Thus, for any fixed Q 1, we have
Sν(ϑ,M,N) = 1
N
∑
max{d1,...,dν }Q
d1,...,dν |U(M,N)
R(M,N,q)
ν∏
j=1
ξ(dj )
dj
+ 1
N
∑
max{d1,...,dν }>Q
d1,...,dν |U(M,N)
R(M,N,q)
ν∏
j=1
ξ(dj )
dj
=
∑
max{d1,...,dν }Q
ρ(q)
t (q)
ν∏
j=1
ξ(dj )
djd1,...,dν |U(M,N)
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(
1
N
∑
max{d1,...,dν }Q
d1,...,dν |U(M,N)
qn
ν∏
j=1
ξ(dj )
dj
)
+ 1
N
∑
max{d1,...,dν }>Q
d1,...,dν |U(M,N)
R(M,N,q)
ν∏
j=1
ξ(dj )
dj
.
Therefore,
Sν(ϑ,M,N) = Γν +O(Δ1 +Δ2 +Δ3),
where we put
Γν :=
∞∑
d1,...,dν=1
ρ(q)
t (q)
ν∏
j=1
ξ(dj )
dj
,
Δ1 :=
∑
max{d1,...,dν }>Q
ρ(q)
t (q)
ν∏
j=1
ξ(dj )
dj
,
Δ2 := 1
N
∑
max{d1,...,dν }Q
qn
ν∏
j=1
ξ(dj )
dj
,
Δ3 := 1
N
∑
max{d1,...,dν }>Q
d1,...,dν |U(M,N)
R(M,N,q)
ν∏
j=1
ξ(dj )
dj
.
In the above formulas we allow d1, . . . , dν to run through all positive integers independently
since, of course, if for some ν-tuple (d1, d2, . . . , dν) there does not exist an integer x so that
q | u(x), then obviously ρ(q) = 0 (recall that q = lcm(d1, . . . , dν)).
Since ξ(d) = O(1), we obtain Δ2 = O(N−1Q(n+1)ν), because qn  Qnν and there are at
most Qν tuples (d1, . . . , dν) with max{d1, . . . , dν}Q.
Turning to the other error terms, Lemma 1 gives
Δ1 = O
( ∑
max{d1,...,dν }>Q
1
T (q)
ν∏
j=1
1
dj
)
,
Δ3 = O
( ∑
max{d1,...,dν }>Q
1
T (q)
ν∏
j=1
1
dj
+ 1
N
∑
d1,...,dν |U(M,N)
ν∏
j=1
1
dj
)
.
The inequality (5) together with the upper bound log |U(M,N)|  N(M + N)  (M + N)2
gives
∑ ν∏ 1
dj
=
( ∑ 1
d
)ν
=
(
σ(U(M,N))
U(M,N)
)ν
d1,...,dν |U(M,N) j=1 d|U(M,N)
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 (log(M +N))ν,
and so
Sν(ϑ,M,N) = Γν +O
(
N−1Q(n+1)ν +N−1(log(N +M))ν +Δ), (6)
where
Δ :=
∑
max{d1,...,dν }>Q
1
T (q)
ν∏
j=1
1
dj
=
∑
q>Q
Lν(q)
T (q)
.
Let W(T ) denote the product
W(T ) :=
∏
1x1,...,xn−1T
max
{
1,
∣∣NmK/Q detDn(0, x1, . . . , xn−1)∣∣}.
Notice that if T (d) T , then d | W(T ). Recalling (4), we derive,
∑
q>Q
Lν(q)
T (q)
=
∞∑
T=1
1
T
∑
q>Q
T (q)=T
Lν(q) =
∞∑
T=1
(
1
T
− 1
T + 1
) ∑
q>Q
T (q)<T
Lν(q)

∑
TC logQ
1
T 2
∑
q>Q
q|W(T )
Lν(q)
∑
TC logQ
1
T 2
∑
q|W(T )
Lν(q).
Applying Lemma 2 together with the upper bound (5), and taking into account the fact that
logW(T )  T n, we obtain
∑
q|W(T )
Lν(q)  (logT )ν.
Hence,
Δ = O
( ∑
TC logQ
(logT )ν
T 2
)
= O
(
(log logQ)ν
logQ
)
.
By inserting this last estimate into (6), we obtain
Sν(ϑ,M,N) = Γν +O
(
Q(n+1)ν
N
+ (log(M +N))
ν
N
+ (log logQ)
ν
logQ
)
.
Finally, selecting Q := N1/2(n+1)ν gives the desired estimate.
It also remains to remark that our bound on Δ1 implies that the series defining Γν is absolutely
convergent. 
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existence of, and can be used to approximate, the distribution function. We do not pursue this line
here, but note that, for example, the inequality |Γ1|2 = |Γ2| implies that the distribution is not
δ-function like but is, in fact, spread over an interval. Suppose, for example, that u(x) = 2x − 1.
Then, from the proof of Theorem 1, we see that
Γ2 − Γ 21 =
∑
d1,d2 odd
1
t (q)
ξ(d1)ξ(d2)
d1d2
−
∑
d1,d2 odd
ξ(d1)ξ(d2)
t (d1)t (d2)d1d2
=
∑
d1,d2 odd
ξ(d1)ξ(d2)
d1d2
(
1
t (lcm(d1, d2))
− 1
t (d1)t (d2)
)
.
It is obvious that
t
(
lcm(d1, d2)
)
 lcm
(
t (d1), t (d2)
)
 t (d1)t (d2)
holds for all odd positive integers d1 and d2, and that the above inequality is strict infi-
nitely often (take, for example, d1 = d2 = q > 3, in which case t (lcm(d1, d2)) = t (q) and
t (d1)t (d2) = t2(q) > t(q)). This argument shows that the above expression is positive provided
that ξ(d)  0 holds for all odd positive integers d and ξ(d) > 0 holds for infinitely many odd
positive integers d .
It is easy to see that the same arguments which we have used in the proof of Theorem 1 allow
us to make the dependence on ν explicit and thus consider the case when ν tends to infinity
together with other parameters. It is easy to see that the constants depend on the series
σν :=
∞∑
T=1
logν T
T 2
for which one can show that
lim sup
ν→∞
σ 1/νν /ν < ∞.
Thus, all implicit constants are of the form (Aν)ν , where A > 0 depends only on u and ϑ .
Moreover, the same arguments as those used to estimate Δ in the proof of Theorem 1, applied
with Q = 1, imply the bound
lim sup
ν→∞
Γ 1/νν /ν < ∞.
This bound, coupled with some standard results of probability theory (see Section 30 in [1]
or Section II.12 of [13], for example), implies the existence and uniqueness of the distribution
function for the values of ϑ(u(x)). We also remark that for some sequences, such as u(x) :=
2x − 1, one can also use the technique presented in Chapter III.2 in [16] to prove the existence
of the distribution function in a somewhat more explicit form.
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As in [15], we now show that in the special case of the sequence u(x) = agx + b where a,
b, and g are integers, much stronger results hold. In fact, similar results can be established for
a wider class of non-degenerate binary recurrent sequences of integers, but we restrict ourselves
to the above partial case which is the most important one for our applications. The improvement
comes from the fact that, in the notation of the proof of Theorem 1, we have a much stronger
upper bound on Δ2. First of all, the conditions that we have imposed on our sequence translate
into abg = 0, |g| > 1, gcd(ag, b) = gcd(g− 1, a+ b) = 1. It is easy to see that for every positive
integer q we have ρ(q) = 0 or 1. Moreover, if ρ(q) = 1, the period t (q) of u modulo q is the
same as the multiplicative order of g modulo q , that is, is the same as the period modulo q of the
associated Lucas sequence v of general term
v(x) := g
x − 1
g − 1 .
Theorem 2. Let ξ be any function with ξ(k) = O(1) and let ϑ(k) be given by (1). If u(x) :=
agx + b, where the integers a, b, and g satisfy |g| > 1, gcd(ag, b) = gcd(g − 1, a + b) = 1, then
there are positive constants Γν , ν = 1,2, . . . , such that
Sν(ϑ,M,N) = Γν +O
(
(log(M +N))ν
N
)
.
Proof. As in the proof of Theorem 1, we obtain
Sν(ϑ,M,N) =
∑
d1,...,dν |U(M,N)
R(M,N,q)
ν∏
j=1
ξ(dj )
dj
,
where
q := lcm(d1, . . . , dν).
It is easy to see that
R(M,N,q) = N
t(q)
+O(1),
where t (q) is the multiplicative order of g modulo q (it is clear that all factors in the product
U(M,N) are relatively prime to both g and g − 1). Thus,
Sν(ϑ,M,N) =
∑
d1,...,dν |U(M,N)
1
t (q)
ν∏
j=1
ξ(dj )
dj
+O
(
N−1
∑ ν∏ |ξ(dj )|
dj
)
d1,...,dν |U(M,N) j=1
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∑
d1,...,dν |U(M,N)
1
t (q)
ν∏
j=1
ξ(dj )
dj
+O
(
N−1
( ∑
d|U(M,N)
|ξ(d)|
d
)ν)
.
Using the upper bound (5) and the inequality log |U(M,N)|  MN , we obtain
Sν(ϑ,M,N) =
∑
d1,...,dν |U(M,N)
1
t (q)
ν∏
j=1
ξ(dj )
dj
+O(N−1(log(M +N))ν).
Let D be the set of all integers d  1 which divide at least one element of the sequence u.
Because t (d) < d , it is clear that every d ∈D with d N divides U(M,N). Therefore, defining
Γν :=
∑
d1,...,dν∈D
1
t (q)
ν∏
j=1
ξ(dj )
dj
(which converges absolutely by Theorem 1), and noting that if d  U(M,N) then obviously
t (d) > N , we obtain∣∣∣∣∣Γν −
∑
d1,...,dν |U(M,N)
1
t (q)
ν∏
j=1
ξ(dj )
dj
∣∣∣∣∣
∑
d1,...,dν∈D
t (q)>N
1
t (q)
ν∏
j=1
|ξ(dj )|
dj
.
Let W(T ) denote the product
W(T ) :=
T∏
x=1
(
agx + b).
Now,
∑
d1,...,dν∈D
t (q)>N
1
t (q)
.
ν∏
j=1
|ξ(dj )|
dj

∑
t (q)>N
Lν(q)
t (q)
=
∑
T>N
1
T
∑
qQ
t(q)=T
Lν(q)
=
∑
T>N
(
1
T
− 1
T + 1
) ∑
t (q)T
Lν(q)

∑
T>N
1
T 2
∑
q|W(T )
Lν(q).
As in the proof of Theorem 1, applying Lemma 2 together with the upper bound (5), and
taking into account that logW(T )  T 2, we obtain∑
Lν(q) (logT )ν.
q|W(T )
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∑
d1,...,dν∈D
t (q)>N
1
t (q)
ν∏
j=1
|ξ(dj )|
dj
 (logN)
ν
N
,
which concludes the proof. 
5. Applications
For any positive integer n consider the function α(n) which gives the average additive order
of elements modulo n, that is,
α(n) = 1
n
∑
d|n
dϕ(d).
Here, we apply our previous results to study the functions α(n)/n and β(n) := α(n)/ϕ(n).
Clearly, these two functions are multiplicative and this has been shown both in [5] as well as
in [9] in a wider context. We notice that a formula for α(n)/n when n = pα is a prime power
appears in [5] and also, in a different form in [9], which is more suitable for our purposes. In
particular, Lemma 3 from [9] gives
α(pα)
pα
= 1 − (p − 1)
p2
α−1∑
β=0
1
p2β
= 1 −
α∑
β=1
(p − 1)/pβ
pβ
. (7)
Formula (7) suggests to define the multiplicative function ξ so that for any prime power pγ we
have
ξ
(
pγ
)= − (p − 1)
pγ
. (8)
Now (7) shows that
α(n)
n
=
∑
d|n
ξ(d)
d
holds for all positive integers n which are prime powers, and since all the functions involved in
the above formula are multiplicative, we conclude that the above formula holds for all positive
integers n. Clearly, ξ(k) = O(1) holds for all k (in fact, |ξ(k)| 1 for all k with equality if and
only if k = 1), and thus the function ϑ(n) := α(n)/n satisfies our hypothesis. In particular, from
our Theorem 1, we conclude that if u is any linear recurrence sequence satisfying the hypothesis
from there, then
1
x
∑(
ϑ(n)
)ν = Γν + o(1), (9)
nx
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Γν :=
∑
d1,...,dν1
ρ(q)
t (q)
ν∏
j=1
ξ(dj )
dj
.
The above asymptotic formula, and all the following ones, are with respect to x → ∞. Taking
ν := 1 and u(x) := 2x − 1, we obtain
1
x
∑
nx
α(2n − 1)
2n − 1 = Γ1 + o(1),
where
Γ1 :=
∑
n1
n odd
ξ(d)
dt (d)
.
We notice that if n := pα11 · · ·pαkk , then
ξ(n) =
k∏
i=1
ξ
(
p
αi
i
)= (−1)k k∏
i=1
(pi − 1)
p
αi
i
= (−1)ω(n) ϕ(rad(n))
n
,
where rad(n) stands for the radical of n, that is,
rad(n) :=
∏
p|n
p
is the largest square-free divisor of n.
Thus, we may also write (9) as
1
x
∑
nx
α(2n − 1)
2n − 1 =
∑
n1
n odd
(−1)ω(n) ϕ(rad(n))
n2t (n)
+ o(1). (10)
The above formula (10) answers one of the open questions from [5]. On the other hand, we point
out that this and all other open questions from [5] have already been answered in [8].
We can apply similar arguments to the function β(n). From (7), we easily derive
β
(
pα
)= (1 + 1
p(p − 1) −
1
p3
− · · · − 1
p2α−1
)
. (11)
The above formula (11) suggests that we should define the multiplicative function ξ given by
ξ(p) := 1 , and ξ(pα) := − 1
α−1 , if α > 1.p − 1 p
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β(n) =
∑
d|n
ξ(d)
d
(12)
holds for all n which are prime powers, and since all the functions appearing in (12) are multi-
plicative, we get that (12) holds for all n. Clearly, ξ(k) = O(1) and so ϑ(n) := β(n) satisfies the
conditions from Theorem 1. And so, we may immediately deduce that if u is any non-degenerate
linearly recurrent sequence of integers satisfying the conditions from Theorem 1, then for any
integer ν  1 we have
1
x
∑
nx
(
β
(
u(n)
))ν = Γν + o(1),
where
Γν :=
∑
d1,...,dν1
ρ(q)
t (q)
ν∏
j=1
ξ(di)
di
.
Taking again ν := 1 and u(x) := 2x − 1, we get
1
x
∑
nx
β
(
2n − 1)= Γ1 + o(1),
where
Γ1 :=
∑
n1
n odd
ξ(n)
nt (n)
.
Write n := p1p2 · · ·pkqβ11 · · ·qβll , where all p1, . . . , pk, and q1, . . . , ql are distinct primes
and βi  2 for i = 1,2, . . . , l. We also introduce the functions s1(n) := p1 · · ·pk and s2(n) :=
n/s1(n). Then certainly
ξ(n) = (−1)l 1
(p1 − 1) · · · (pk − 1)qβ1−11 · · ·qβl−1l
= (−1)l p1 · · ·pkq1 · · ·ql
n(p1 − 1) · · · (pk − 1) = (−1)
ω(s2(n))
rad(n)
nϕ(s1(n))
,
and thus
Γ1 =
∑
λ1
λ odd
(−1)ω(n/s1(n)) rad(n)
ϕ(s1(n))n2t (n)
.
The remarks at the end of Section 3 show that both functions α(u(n))/u(n) and β(u(n))
have limiting distributions. Given a finite abelian group G, denote by M(G) the set of positive
472 F. Luca, I.E. Shparlinski / Journal of Number Theory 125 (2007) 459–472integers m such that there is a g ∈ G of order m. Then α(2n−1)/(2n−1) is precisely the quotient
of the average of M(G) and of the maximal element of M(G), where G is the multiplicative
group of the finite field with 2n elements. Thus, we conclude that this quotient has a limiting
distribution over all finite fields of characteristic 2. Of course, one can prove that the same result
holds for the finite fields of any given finite characteristic p with p > 2. This is in contrast with
the analogous function u(n)/λ(n) studied in [9], which gives the quotient of the average of M(G)
and the maximal element of M(G), where G is the group of invertible residue classes modulo n.
Indeed, in [9], it is shown that such function does not have a limiting distribution in the whole
interval [0,1]. We also recall that Elliott [2] has shown that the function ϕ(p − 1)/(p − 1) has
a limiting distribution in the whole interval [0,1] (in fact, the only relevant interval is [0,1/2]),
when p ranges in the set of prime numbers, and that this distribution is continuous, and his
arguments have been extended in [8] to show that both α(p − 1)/(p − 1) and β(p − 1) have
continuous limiting distributions in the intervals [0,1] and [4/3,A], respectively, where A is the
constant appearing in Theorem 1 of [5], and where p ranges in the set of prime numbers (for
the relevance of the number 4/3 see the last conjectures in [5] which have been confirmed since
then in [8]). The fact that all the moments of such functions exist follows from a general result
from [7], and the fact that they can be rather easily computed is transparent in [8], where at least
the mean values of both functions α(p − 1)/(p − 1) and β(p − 1) when p ranges in the set of
prime numbers have been computed.
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